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ABSTRACT

The object of the present paper is to study thersdd¢d generaliseptrecurrent LP-Sasakian manifolds. Also the

existence of such manifold is ensured by an example
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1. INTRODUCTION

In 1989, K. Matsumoto ([1]) introduced the notiohld®-Sasakian manifolds. Then I. Mihai & R. Ros¢3]X
introduced the same notion independently & obtaimeahy interesting results. LP-Sasakian manifolésadso studied by
U. C. Dey, K. Matsumoto & A. A. Shaikh ([4]), I. Mai, U. C. De & A. A. Shaikh ([2]) & others ([5]6], [7]).

The notion of local symmetry of Riemannian manifolths been weakened by many authors in severaltways
different extent. In [8] Takahasi introduced theiow of locally -symmetric Sasakian manifolds as a weaker version o
local symmetry Riemannian manifolds. In [9], Deaéttudied thep-recurrent Sasakian manifold. In [12], Al-Ageeladt
studied the notion of generalized recurrent LP-Easamaniofold. Generalised recurrent manifoldigoetudied by Khan
[14] in the frame of Sasakian manifold. Recentiiswal et al [11] studied generalisedecurrent LP-Sasakian manifold.
Motivated from the work of Shaikh & Hui, we propotestudy extended generalizeerecurrent LP-Sasakian manifold.

The paper is organised as follows

In section 2, we give brief account of LP-Sasakizanifolds. In section 3, we study generaligececurrent LP-
Sasakian manifolds & obtained that the associatadoy field of the 1-forms are co-directional withe unit timelike
vector field&. Section 4 is concerned with extended generalisegturrent LP-Sasakian manifolds & found that sach
manifold is generalised Ricci recurrent providee thforms are linearly dependent, whereas evergrgéimedo-recurrent
LP-Sasakian manifold is generalised Ricci recurrAntong others, we have also proved that such &falédis of quasi-
constant curvature & the unit timelike vectpis harmonic. In section 5, the existence of ex¢engeneralise@-recurrent

LP-Sasakian manifold is ensured by an example.
AMS Subject Classification: 53C15, 53C25.
2. LP SASAKIAN MANIFOLDS

An n-dimensional differentiable manifold M is saadbe an LP-Sasakian manifold ([6],[7],[8]), ifatimits a (1,1)
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tensor fielde, a unit timelike contravariant vector fiefj and a 1-forrm and a Lorentzia metric g which satisfy the

relations:
n(©)=-1,9(X & =n(X), ¢’X =X +n.(X) &, 2.9)
9 (©X,0Y) =g (X, Y)+ n(X) n.(Y), Vi& = 9X, (2.2)
(Vx@)(Y) =g (X, Y) E+n (Y) X + 20 (X) n.(Y) &, (2.3)

where\/ denotes the operator of covariant differentiatidthwespect to the Lorentzian metric g. It can bsilg

seen that in an LP-Sasakian manifold, the followilgtions hold:
o& =0,n (pX) =0,ranke = n- 1. (2.4)
Again, if we put
QX,Y)= g (X, ¢Y),

for any vector field X,Y then the tensor fied@(X,Y) is a symmetric (0,2) tensor field ([3],[7])Also, since the
vector fieldn, is closed in an LP-Sasakian ([2], [4]) manifolds have

(Vxm)(Y)=Q(X, Y), Q(X, £) = 0, (2.5)
for any vector field X & V.

Let M be an n-dimensional LP-Sasakian manifold veittucture ¢, &, n, g). Then the following relations hold

([7D):
R(X, Y)&n (V) X -n(X)Y, (2.6)
n(R(X,Y) 2)=g (Y, n.(X) - g (X,Z)n.(Y), 2.7)
S(X, &=(n-1)n (X), (2.8)
S(eX,0Y)=S (X, Y) + (n= 1)n(X) n.(Y), (2.9)

(Vw RXY)E=2[Q(Y,WX-Q(X,WY]-0oR (X, Y)W

=g (Y, W) oX + g (X, W) oY -

2[Q (X W)n(Y) = Q(Y,W)n (X)] &

=2[n(Y JpX-n(X) oY I n (W), (2.10)
g((VwR) (X, Y) Z,U) =-g((VwR) (X, V) U, 2), (2.12)
for any vector field X,Y,Z,U on M where R is thereature tensor of the manifold.

3. GENERALISED @ RECURRENT LP-SASAKIAN MANIFOLDS
Definition3.1. An LP-Sasakian manifold is called generaligeecurrent, if its curvature tensor R satisfies¢badition:

0* (VwR) (X,Y)Z) = A(W) R(X, Y)Z + B (W) [g (Y, Z) X- g (X, 2) Y], 3.1

Index Copernicus Value: 3.0 - Articles can be serb editor@impactjournals.us |




LP - Sasakian Manifolds with Some Curvature Properies 109 |

where A and B are two non-zero |-forms and thesedafined as
A (W)=g (Wp), B (W)=g (Wp),

wherep, ¢ are the vector fields associated to the 1-form R &espectively. If the 1-form B vanishes identigal

then the equn. (3.1) becomes

[13].

0 ((VwR) (X, Y)Z) = A (W) R(X, Y)Z, (3.2)

and such manifold is known asrecurrent LP-Sasakian manifold which is studiedAtyAqgeel, De & Ghosh

Theorem3.1. Every Generaliseg-recurrent LP-Sasakian manifo(1",g) (n > 3) is generalised Ricci recurrent.
Proof: Using (2.1) in (3.1) & then taking inner productdath sides by U, we have

g((VwR) (X, Y) Z, U) +n((VwR) (X, Y) Z)n (U)

=AW)g(R(X, Y)Z, U)y+BW)[g(Y.2) g (X, Y-g (X, 2)g(Y,U)] (3-3)

Let{g, i =1, 2,..., n} be an orthonormal basis at any pBinf the manifold M. Setting X=Uxén (3.3) & taking

summation over i, 1<< n, we get

n
(VwS)(Y,Z2)+ Zn((VwR)(&, Y)Z) n (e)=0.

Sl
=A(W)S(Y,Z)+(n-3)B(W)g(Y,Z2). (3.4)
In view of (2.9) & (2.10), the expression
n
2n((VwR) (e, Y)Z) n (ei)=0. (3.5)
i=1
By virtue of (3.5), (3.4) yields
(VwS) (Y, Z) =A (W) S(Y, Z2) + (- 3) B(W) g (Y, 2), (3.6)
for all W, Y, Z. This completes the proof.
Corollary 3.1. Every generaliseg-recurrent LP-Sasakian manifo{1",g) (n > 3) is an Einstein manifold.
Proof: Replacing Z by in (3.6) & using (2.8)1,%ve obtain
(n=1)QW, Y) = S (Y,oW) = (n= 1) A(W)n(Y) + (n - 3) B (W)n (V). 3.7)
Replacing Y bypY in (3.7) & then using (2.2) & (2.9), we get

S (Y’ W) = (n_ 1) g (Y1 W)! (38)
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for all Y & W. This completes the proof.

Theorem.3.2. In a generalizedp-recurrent LP-Sasakian manifold (M) (n > 3), the Ricci tensor S along the

associated vector field of the 1-form A is given by
S (Zp) =()IrA (Z) + (n - 3)(n - 4) B (2)]. (3.9)
Proof: Contracting over Y & Z in (3.6), we get
dr (W) =A (W) r + (n—- 3)(n-2) B (W), (3.10)
for all W.
Again, contracting over W & Y in (3.6), we have
(1/2) dr (2) =S (Z5) + (n— 3) B (2). (3.11)
By virtue of (3.10) & (3.11), we get (3.9).This pes the theorem.

Theorem.3.3. In a generalisedp-recurrent LP-Sasakian manifol(M",g) (n > 3), the associated vector field

corresponding to the 1-forms A & B are co-direcibwith the unit timelike vector field

Proof: Setting Z<€ in (3.9) & using (2.8), we get

1(p) = |52 (o). (3.12)

2(n—-1)-r
This completes the proof.
4. EXTENDED GENERALIZED ®-RECURRENT LP-SASAKIAN MANIFOLDS

Definition 4.1.([12]). An LP-Sasakian manifold is said to be exfeth generaliseg-recurrent, if its curvature

tensor R satisfies the condition
0* (VwR) (X, Y)Z) = A (W) 9*(R(X,Y)2)+B (W) [g (Y, 2) p*(X) = g (X, 2) 9*(Y)], (4.1)
where A and B are two non-zero 1-forms and theselafined as
A(W) =g (W,p), B(W)=g(Wo)
andp, ¢ are vector fields associated to the 1-form A &Bpectively.

Theorem 4.1. Let (M',g) (n > 3) be an extended generaliseerecurrent LP-Sasakian manifold. Then such a
manifold is a generalised Ricci recurrent LP-Saaakmanifold if the associated 1-forms direarly dependent & the

vector fields of the associated 1-forms are of gjtpdirections.
Proof: Using (2.1) in (4.1) & then taking inner product looth sides by U, we have
9(VwR)(X, Y)Z, U) +n((VwR) (X, Y)Z) n(U)
=AW) [9(R (X, Y)Z, U) +n(R (X, Y)Z) n (V)]

+B (W) [g (Y, 2) g(X, U)- g (X, Z) g(Y, V)
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+Ha(Y, 2n(X) - g (X,Z2) n(Y )n(U)]. (4.2)

Let {e;, i=1,2,...,n} be an orthonormal basis at any p@irdf the manifold M. Setting X=Uxan (4.2) & taking

summation over i, & i< n, we get
(VwS)(Y.2)+ ¥ n ((VwR)(e, Y)Z) n (e)=0.
=AW) [S(Y, D+n (R)E(Y, 2)]
+B (W) [(n=2) g (Y, 2)-n (Y) n.(2)]. (4.3)
In view of (2.9) & (2.10), the expression
n
> n((VwR) (& Y)Z) n (e)=0. (4.4)
i=1
By virtue of (2.7) & (4.4), (4.3) yields
(Vw S)(V.2) = A (W) S(Y,2) + (n- 2) B (W) g (Y.2)
—[AW)+ B (W)In (Y) n (D). (4.5)

If the associated vector fields of the 1-forms afeopposite directions, i.e., A (W) + B (W) = 0,eth (4.5)
becomes

(VwS)(Y,Z) =A (W) S(Y, 2) + (- 2) B(W) g (Y, 2). (4.6)
This completes the proof.

Theorem 4.2. Every extended generalisedrecurrent LP-Sasakian manifol(M”, g) (n > 3) is an Einstein

manifold.
Proof: Setting Z<€ in (4.5) & then using (2.2) & (2.8), we get
(n=1)Q (W, Y) = S(Y, eW)=[nA (W) + (n— 1) B (W)n_(Y). 4.7)
Replacing Y bypY in (4.7) & using (2.2), (2.4) & (2.9), we obtain
S(Y,W)=(n-1)g (Y, W), (4.8)
for all Y, W. This completes the proof.

Theorem 4.3. In an extended generalisadrei:]ljrrent LP-Sasakian manifol@1", g) (n > 3), the timelike vector

field & is harmonic provided the vector fields associdtethe 1-forms areodirectional.

Proof: In an extended generalisgdrecurrent LP-Sasakian manifold {)g) (n > 3), the relation (4.2) holds.

Replacing Z by in (4.2), we have
(VwR) (X, Y)E=AW) R (X, Y)E+ B (W)n(Y) X =n (X) Y]

=[AMW) +B W) [n(Y) X = n(X) Y]. (4.9)
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By virtue of (2.10) & (4.9), we have
PR (X, V)W =[A(W)+B W) (X)Y -n(Y)X]
+2 [Q (Y, W) X = Q (X, W) Y] = R (X, Y) W
—g (Y, W)eX +g (X, W) oY
=2 [Q (X, W)n(Y) = Q(Y, W) n(X)] &
=2[n(Y )X = n(X) Y ] n (W). (4.10)
Taking inner product in both sides of (4.10)y & then using (2.2), we obtain
R (X, Y, W, U) = [A (W) + B (W)] [ (Y, U) n(X) = Q(X,U) n.(Y)]
+2 [Q (Y, W) Q (X, U) = Q (X, W) Q (Y, U)]
g (Y, W) g (X, U)+g (X, W) g (Y, U)
+2[g (X,W)n (Y)n(U) =g (Y,W)n(X)n()
+g(Y,U) n(W) n(X) = g (X,U) n(W ) n(Y )], (4.11)
whereR (X,Y, W,U) = g(R(X,Y)W,U).
Contracting over X & U in (4.11), we get
S (Y, W) = 2jy Q(Y,W) - g @Y,oW)] v [A (W)+ B (W)] n(Y)
=(n=3)g(Y, W) = 2 (n= 2)n (Y) n(W), @1
wherey = Tr.
Next setting Y% in (4.12), we get
v [A(W) + B (W)] =0, (4.13)

which yieldsy =0, because the vector fields associated to tfmms are codirectional. Consequently, is

harmonic. This completes the proof.

Theorem 4.4. Every extended generaliseerecurrent LP-Sasakian manifol@",g) (n > 3) isy--Einstein, if the

vector fields associated to the 1-forms are cadiiomal.

Proof: Since in angeneralisedp-recurrent LP-Sasakian manifold {)d) (n > 3), the timelike vector field is

harmonic i.e.y = 0 for A(W)+# — B(W), it follows from (4.12) that
S (Y, W) = (n-1) g (Y, W)= 2(n= 1)n (Y) n. (W), (4.14)
which proves the theorem.

Definition 4.2. An LP-Sasakian manifold (M) (n > 3) is said to be a manifold of quasi-canstcurvature, if its

cuvature tensoR of type (0,4) satisfies:
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R(X, Y, W, U) = afg (Y, W) g (X, U g (X, W) g (Y, U)]
+b[g (Y, W) 0. (X) n.(U) = g (X, W) n(Y) n(U)

+9(X, U) n(W) n(Y) - g (Y, U) n(W) n(X)], (4.15)
where a & b are scalars of which & ®& R(X, Y, W, U)= g(R(X, Y)W, U).

The notion of a manifold of quasi-constant curvaturas first introduced by Chen & Yano [10] in 1902 a

Riemannian manifold.

Theorem 4.5. An extended generalisedrecurrent LP-Sasakian manifold (Mg) (n > 3) is a manifold of quasi-

constant curvature with associated scalars-dxb= -2, if & only if
[A (W) +B (W)] [ (Y,U) 7 (X) -2 (X,U) (V)]
=2 [Q(X, W)Q(Y, U) -Q(Y, W)@ (X, U)], (4.16)
holds for all vector fields X, Y, U, W on M.

Proof: In an extended generalisgerecurrent LP-Sasakian manifol@M", g) (n > 3), the relation (4.11) is true. If
the manifold of under consideration is of quasigtant curvature with associated scalarslg=h=2, then the relation

(4.16) follows from (4.11).

Conversely, if in an extended generalisgdecurrent LP-Sasakian manifold, the relation (%.kélds, then it
follows from (4.11) that the manifold is of quasirstant curvature with associated scalarslah=-2. This proofs the

theorem.

Theorem 4.6. Let (M",g) (n > 3) be an extended generalisgetecurrent LP-Sasakian manifold. Then the

associated vector fields of the 1-form are relaigd

1(p) = |52 n (o).

211
Proof: Changing X,Y,W cyclically in (4.2) & adding themgvget by virtue of Bianchi's identity that

AW) [R(X,Y)Z+n(R(X,Y)Z)E+B W)[g (Y, 2) X-g (X, 2) Y +g (Y, n(X) &~ g (X, Z)n (Y) &

tAX) [RY, W) Z+n (R(Y,W) 2)E+B (X)[g(W, Z) Y=g (Y, )W+ g (W, Z)n (V) E- g (Y, Z)n(W) ]
+A(Y) [R(W, X) Z+ n (R (W, X) 2)E]+B (Y) [g (X, 2)W-g (W, 2) X+ g (X, Z)n(W) E - g

(W, Z)n(X) & = 0. @1
Taking inner product in both sides of (4.12)Hy Uh&n contracting over Y & Z, we obtain

A (W) [S (X, U) + (n= 2)n(X) n(U)]+A (X) [S (U, W) + (n= 2) n(W) n(U)]

+(n-2) B (W) [g (X, U) +n(X) n(U)] - (n - 2) B (X) g W, ¢U)

= R(W, X, U,p). (4.18)

Again, contracting over X & U in (4.13), we get
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S(Wp)=(1/2)(r-n+2)A(W)~(1/2)(n-2)°B(W) = (1/2) (n-2) (W) [n(p)+ n(o)]. (4.19)
Setting W=, we obtain

(n-2)(n-3)

nlp) = [m] n(o). (4.20)
This completes the proof.
5. EXISTENCE OF GENERALIZED ®-RECURRENT LP-SASAKIAN MANIFOLDS

Ex 5.1.We consider a 3-dimensional manifold M = {(x,yRJ}, where (x,y,z) are the standard coordinates bf R

Let {e,,&,63} be linearly independent global form of M, givby
e, = €& (0/9x), &= & (d/dy), & =03/dz, where a is non-zero constant.
Let g be the Lorentzian metric defined by
g(3/9x,8/3x) = €%, g(@/dy,d/dy) = €@? g (8/82,8/3z) =-1.
g(o/ox,d/dy) = 0, g@/dy,8/9z) =0, g 6/9z,0/9x) =O0.
Let be the 1-form defined hy (U) = g(U,®), for any Ue y(M). Leto be the (1, 1) tensor field defined by
¢ (€ 9/9x) = —€’ 3/3x, ¢ (€*9/dy) =- €*d/dy, ¢ (3/9z) = 0.
Then using the linearity af andg, we have
n(8/dz) =-1, ¢°U = U +n(U) &, g (@U,oW) = g (U,W) +n (U) n (W),
for any U, We x(M).
Thus fora/az=¢, (9.&n,9) defines a Lorentzian paracontact structure on M.

Let\/ be the Levi-Civita connection with respect to tlgentzian metrig and R be the curvature tensor. Then

we have,

[e1, &) = —afe,, [e, & = -6y, [, &] = -6

Taking @ = £ and using Koszul formula for the Lorentzian megyjeve can easily calculate
Verlr1=-6, Vee=aée, Ve =0,

Ver&=0, Ver6 =-a€e — &, Ve3® =0,

Ver€=—6€ Vels =6, Ve =0.

From the above, it can be easily seen thai(,g) is an LP-Sasakian structure on M. Consequenfign,g) is
an LP-Sasakian manifold. Using the above relatiams,can easily calculate the non- vanishing compnef the

curvature tensor as follows:

R(e &) es=-6,R(e &) e=-6,R(e, &) 6 =-¢
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R e)e=-e R(@ e)e=-(1-d¢%) e R(a &) e=(1-d¢) e,

and the components which can be obtained from thes¢be symmetry propertieSince {g,e, e} forms a basis,

any vector field X,Y,Z¢ y(M) can be written as:
X = e+ bie+ €163, Y = aert hert 663, Z = aer+ bsert cses, where ghb,geR" ;i =1, 2,3.
This implies that
R(X,Y)Z=lg + me + ng,
where | = (ab, —ab,) (1-a° €%)bs—(ay Cr*+a C1)Cs,
m = (ab, —aby) (1~ €?)ag+(by c,—b, ¢))cs,
n = (ac; —aCy)agt (by ;b )b,
G(X,Y)Z=pa+qetre,
where p = (b, —GCs)ay— (by bs—C; Co)ap,
0 = (@285—CCs)by~ (& 8—C1 Ca)bz,
r = (aatbob3)Ci— (& &gty by)co.
By virtue of the above, we have

(Ve R)(X,Y) Z = —(1& + na),

(VeR) (X, Y)Z = —a€ me + (a€ - n) & - me,

(VesR) (X, Y) Z = 286 (aub, —arby)(ase,—bs €).
Hence,o * (Ve R) (X, Y) 2) = -ne,

0 *((VeR) (X,Y) 2) = —aéme, + (aél - n) &,
0*(VesR) (X, Y)2Z) = 28 (aub, —aby)(ase,~bs &),
0?(R(XY)2) =1g+me,

¢*(G(X,Y)2) = pe+qe.

Let us choose the non-vanishing 1-forms as

A(er) = na/(lg+mp) ; B(® =-mn/(Ilg+mp) ;

A(ey) = [pr-(Ip+ma)aé)/ (Ig+mp) ; B(e) = [|nl—]i|2—m2)aé] /(lg+mp)
A(es) = [2e€(ay b-ap by)(asp—bs))/(Ig+mp) ;

B(ey) =-[2a°€(ay b,—a; by)(adl+bsm))/(Ig+mp)

Thus,we have
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P*((V e RIX,Y)Z) = A@)0*(R(X,Y)Z)+B(e)0*(G(X,Y)2); i=1,2,3.
Consequently, the manifold under consideratiomisxended generalizedrecurrent LP-Sasakian manifold.
This leads to the following:

Theorem 5.1. There exists an extended generaligagcurrent LP Sasakian manifold which is not getisedl - recurrent
LP-Sasakian manifold.
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